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Abstract

A new distance measure called ‘close interval distance’ associated with interval approximation of a fuzzy number
is proposed. A distinct approach for ranking fuzzy numbers with the aid of this measure is introduced. Also some
more results related on properties of ordering using this measure are obtained
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1. INTRODUCTION

The purpose of this paper is to propose a new method
for ranking fuzzy numbers. Gonzalez (1990) used
average value ordering. Saade
Schwarzlander interval to

to define and
(1992) used

ordering. Their definition was more complicated and

consider

they used non-negative values to compare the ordering
of fuzzy numbers. In this paper we use close interval
distance associated with interval approximation of
fuzzy numbers, to define ordering and we use both
positive and negative values to define ordering. Yager
(1981) used a weighted mean value to define ordering.

In this paper, let F be the family of the fuzzy numbers
on R. We define this distance measure with the help of
U-cuts We shall prove that the ordering relation <, = on
F satisfy the law of trichotomy. Some more results
connected to ordering properties are studied with the
help of close interval distance measure. In general this
ranking method possesses several good characteristics
and advantages as compared to other existing ranking
methods.

2. BASICS
2.1. Definition

A fuzzy subset A of the real line R with membership.
Function

pa: R — [0,1] is called a fuzzy number if
i. Aisnormal
ii. A is fuzzy convex
(i.e.,) ta Axq + (1-A)x2) = pa(xa) A pa (x2)
V x1, x2 € R and Ae[0,1]
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iii. pa is upper semi continuous and
iv. Supp. A is bounded.

2.2. o-Cut

An a-cut of a fuzzy set A is a crisp set A, that contains
all the elements of the universal set X that have a
membership grade greater than or equal to the

specified value of a. Thus, A, = {xeX | ta (x) 2o,

0<a<l.
2.3.Close interval approximation [4]

An interval approximation [a,t, a, Y] of fuzzy number

A is said to be close interval approximation if

agt=inf{xeR | pua (x)>0.5] and
agt = sup { xeR | wa ) = 05] and is denoted by
[A] = [aq", ag"]

2.4.0-Cuts for Different Fuzzy numbers
a~cut or interval of confidence :

For triangular fuzzy number
[a1+(az—a1a, a3 — (as—az) ol

For Trapezoidal fuzzy number

[a1+(az—ar)a, a4 — (as—as) o
For piecewise— quadratic fuzzy number [ai1+(az—a1) o,
as — (as—a3) o

2.5.Zero Fuzzy Number

The zero fuzzy number is denoted by 0 whose both
lower and upper bounds of o-cuts (0<o<1) are 0.

Scientific Transactions in Environment and Technovation



J. Sci. Trans. Environ. Technov. 1(1), 2007
3. CLOSE INTERVAL DISTANCE MEASURE
3.1.Definition

Let F be a set of all fuzzy numbers. For ;& , B e F,

define the close interval distance (CID) of A and ]§ as
follows.

— [agh + agV — bt —byY],

where [A] = [a,t, a,Y] and [B] = [b,t, b,U] are the
close interval approximations of fuzzy numbers. Also

D(A ,l~3 ) means the distance of ]~3 to ;‘; .
3.2.Results

The CID of the fuzzy number is the corresponding
defuzzyfied real number.

(a1/a2/a3)/

1[ ( ) ! ( ) ! ]
= — lait+(a—a — | + a3 — (az—a —
2 1 2 1 2 3 3 2 2
=| — [a1+2a2+a3]

4

= defuzzified real number of the triangular

i. For the triangular fuzzy number A=

D(A,0)

fuzzy number.

(a1,a2,a3,a4),

1 1 1
= — [ai+(az—a1) | — | +as—(as—az) | — | ]
2 2 2
1
=| — | [a1 + a2 + asz+a4]
4

= defuzzified real number of the trapezoidal

ii. For the trapezoidal fuzzy number A=

D(A,0)

fuzzy number.

iii. For Piecewise Quadratic Fuzzy Number (PQFN)

A = (aj,az,a3, as,as)

1 1 1
= — [ai+(as—a) | — | +as—(as—a3z) | — | ]
2 2 2

= defuzzified real number of the PQFN

D(A, 0)

) [a1 + 2a3 +a5]

N
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3.3.Remark

ItisnotedthatD(g,E)=D(A,6) —D(]~3,6)

3.4.Definition
For A , ]§ € F, Define the ranking of A , E by saying.

i D(A,B)>0iffD(A,0)>D(B,0)

iff B <A
i. D(A,B)<0iffD(A,0)<D(B,0)
iff A<B
ii. D(A,B)=0iffD(A,0)>D(B,0)
iff A~B
3.5.Examples

i. Consider two PQFNS A =(1,2,3,4,5) B = (1,3,4,5,7)

1
D(A/B): - [AaL+AaU_B0¢L_BaU]

[2+4-3-5]=-1<0

~

1
2
A <BandD(A,0)<D(B, 0)

ii. Consider two PQFNS A = (2, 3, 4,5, 6) and

=(1,24,6,7)
~ ~ 1
NowD (A ,B) 5[3+5 2-6] =0
— A=~B

iii. Consider two trapezoidal fuzzy numbers
A=3467) B=2468)
The lower and upper bounds using o- cuts are

=7-0
=8-20

Ap(a) =3+0, Ay (o)
BL () =2+ 20, By (o)
1 1
WAL =3 =, AV=6 —
2
Bl =3, BU=7
ThenD (A ,B) =

1
E [ AocL + AocU - B(xL - B(xU]
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LN P P )
2072 2

A-B

3.6.Property

Let A, EeF,
i If A=B,Then A ~B
~ o~ 1 1
i FA c B,and — [Ag+ Al < — [Byb + Byl
2 2
Theng<]§
~ o~ 1 1
i, if B c A and — [ Byl + Bl € — [All + Al
2 2
Thenﬁ <A

Proof

i If A = E , then for each o € [0,1], their a—cuts AL
(o) = Br (o) and Ay (o) = By (o), Which implies A"
=B, and AV =BV

Therefore D(A ,]§ )=0 = ;& = E
ii and iii are obvious.
3.7.Remark

If A=B,itisnot necessary that A=B

Therefore, ‘=’ defined in ordering for fuzzy sets is not
equal to ‘=" defined for fuzzy sets.

3.8.Property

i D(A,B)=-D(B,A)

ii D(A,B)+D(B,C)=D(A,C)
ii. A=Biff B~A

iv. A~B,B~C=A-C

Proof

1. It follows from the definition

-D(B,0)+D(B,0) -
(C,0

(e}

i.D(A,B)+(B,C)=(A,

vl
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(A,0) -D(C,0)

- DA,C)
ii. A~B oD(A,B)=0=-D(B,A)
B=A, by
iv. A~B,B=~C =D(A,B)=0and
D(B,C)=0

from (i), D(A ,B)+D(B,C)=D(A,C)
:O+O=D(A,é)
- A=~C

3.9.Property

In F, the relations < and = satisfy the three axioms

for the order relations, for any A , B , CeF

i. Reflexive law, A <A

ii. Anti symmetric law, A < E, B<A = A =
B
iii. Transitive law, A<B , B<C= A =C

Proof

i.  If follows from the definition

ii. Since A < ]§ and E < A, D (E,A) >0 and
D(B,A)<0

Therefore D(E,A) =0 = Ezz& or Azﬁ
Since A < E and E < 6 , therefore

D(B,A)20andD(C,B)>0
By property

iii.

D(C,A)=D(C,B)+D(B,A)>0+0
= AS(NI

3.10.Definition
For A,B,C e F,letd (A,B)= I D(A,B) | wecall
d(z&,]~3), the distance between Aand ]§
Then we can show the following axiom
tA,B,CcF

d(A,B)+d(B,C)=d(A,C)
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Proof

d(A,B)+d(B,C) = IDA,B)+IDB,0)
>| DA, B)+(B,0)]
- |DA,O)|
- d(A,C)

4. SOME MORE PROPERTIES
4.1. Theorem

The relation < and = satisfy the law of trichotomy in F.

Proof

For any A',INS € F, by previous definition (3.10), and
the property of linear order relation on R, the law of
trichotomy holds.

D(A,B)>00rD (A,B)<0orD (A,B)=0
]§ < A or A < E or Azﬁ also holds.

4.2 Property

For ;&,E,E,E,Fif |D(A,]§) | <e
Then |D(A,C)-D(B,C) | <e

Now |D(A,6)—D(]§,6)|
-|D(A,C)-D(C,B) |
- |D(A,B) | <e
4.3.Property

For A‘ , E <, F
A () B Z[AL+ AL, AU+ AL
ii. A (OB =[Al - B, AU - Byl
i Ik > 0,k () A = [KA.L, kAU]
iv.Ifk <0,k () A = [KALU, kA,L]

Example
Consider the same example 3.5 (iii)
Two trapezoidal fuzzy numbers :

A =3467) B=024628)
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i A®B = 6l,13l
272
i. A OB = —3i,3l
2772
i, ifk=2>0

KA = [kAo, kALYl

£31)2(e3)]

=[7,13]
iv.if k=-2<0
k) A = [-13,-7]
4.4.Theorem

For A,E, 6, D e F, k any scalar

HD KA, k@)B)= kD(A,B), k=0

@DA »B,Cw»D)=DA,C)+D(B,D)
-D(A,D)+D(B,0)
-D(A,0)+B,0)-p(C,0)-p(D, 0)

@i DA B,C »D)=D(A,0)-D(B, D)
-D(A,B)-D(C,D)

-D(A,0)+D (D,0)-D (B,0) - DC,0)

Proof (i) By Property, if k > 0 then

k() A =k A4, k Al and
k()B =[kB., kBl
Now

~ ~ 1
D (k@) A, k()B) = 5 [kKA+k AV — k Bil-k B, Y]

1 ~ ~
= E k[Agt+ AV -B—BU] =kD(A,B)
(ii) By Property

;& (+) E = [AaL + B(er A(xU _BaU]

~

and C & D = [GL + DL, CuU -DyY]
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NowD (A 1)B.C +) D)
1 L L U U L L U U
= E[AOc + By +Aq +Bo — Coy =Dy —Co — Dy ]

1 1
=— [A+A,"-Co"~Co I+ = [By"+B"-Dy" — D]
2 2
-D(A,C)+D(B,D)
1 1
= 5 [AaL + AaU_ DocL_D(xU]+ 5 [thL +BocU_C0cL_ CaU]

-D(A,D)+D(B,C)
=D(A,0)-D(D,0)+D(B,0)-D(C,0)
=D(A,0)+D(B.0)-D(C,0)-D(D.0)

(@)

(iii) By Property
(A () B) = [Al =By, AU — Bl
(C D) =[Ct-DW, CU-Dyll

Now

D(A ©B),(C D)

[Aol — BeU + AgU — Byl — Col + DU —CoU + Dl

N |~

|~ |-

[Agk + AU — Cob = CoU + Dyt + DoV — Byl — Byl

1
[AaL + AocU _CaL_C(xU] - 5 [BaL+B(xU_D0cL - D(xU]
-D[A,C1-DIB,D]
Also LHS

1
) [Agl+A U—ByL+B,U] - [Col+ColU— Dyt — DyY]

4.5. Theorem

~ o~

Let A, E,C,D eF

@I B<A,Then B 1)C<A +)C
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() If C<A and D < B Then C D<A +) B
i) If B<A Then B ©C<A ) C
i) IfA<C, B<D, Then A OD<C © B and
BoC<Do A
Proof
(i) We have
DA ©HC,B &) C)=D(A,B)+D(C,C)>0,
Since D(C,C)=0,and B<A, D (A,B)>0
—B @C<A @»C
(ii) We have
DA @OB,C®»D)=DA,C)+D(B,D)>0
Since C<A=D(A,C)>0 andD<B=D (B,D)>0
- C D<A ®»B)
(iii) We have
DA OC,B 0C) =D(A,B) -D(C,C)>0,
Since D (C,C)=0 and B<A=D(A,B)>0
- BoC<AnC

~ ~

WIEA<C,B<D

D(A,C)=D(C,A)>0, and-D(B, D)=D(D ,B)> 0
We have
p(C OB A D) =D(C,A)-DB,D)>0
— (A D)< (C ©B)
Also,
DD ©OA,B O C)=DD,B)-DA,C)>0
B OC<D A

5. ILLUSTRATIONS

5.1.LExample Let A = (1, 2, 3, 4),

=(2, 4, 6, 8)
=(2, 5 7, 10)

O T
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=(3 6, 9

numbers.

The Close Interval distance of fuzzy numbers are :

T A 1+2+3+4
D(A, 0)= — (au+az+a3+a4)=f =
D(B,0)=50D(C,0)=6,D(D,0) =
D(C,0) =6
D(D,0) =75

~D(D, 0)>DC,0)>D([B,0)>D(@A,0),

~

A<B<C<«D.
The a—cuts of fuzzy numbers are :

Ar(o) =1+o, Au(a) =4-a

BL (o) =2+20, By () =8-20
Cula) =2+30q, Cy (o) =10- 30
Do) =3+3a, Dy (o) = 12— 30

The close interval approximation of trapezoidal

numbers are

[A] = [1.5, 3.5], [B] = [3,7], [C] =
[D] = [4.5, 10.5]
Now A +)B =@36,9,12)

C @D =(5,11,16,22)

DA »B,C »D)

-12
— [3+1.5+ 12-1.5-(5+3) -(22-3)] = T
~ ~ 1 -7
D(A,C) = —[15+35-35-85] = —
2 2
-~ 1 —
D(B,D) = — [3+7-45-105] = —
2 2
~ ~ 1
D(A,D) = 5[1.5+3.5—4.5—10.5] = -
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12) be trapezoidal fuzzy

[3.5, 8.5] and

o))

2

3

4)
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~ o~ 1 -2
D(B,C)= —[10—12]=7=—1 (5)

\O]

Using (1) — (5) we have

II

;>z
(')z
Udz
(wh

DA ©)B,C #»D)

Also, A () B = (1-8,2-6,3-4,4-2) = (-7, -4, -1,2) C
D =(2-12,5-9,7-6,10-3) = (=10, -4, 1,7)

DA ©B,C 0D)
1 1) 1
=—[-743| — | +2-3 | — |- (=10+3) — (7-3)]
2 2 2
=1 6)
Now
~ ~ o~ = -2
D(A,C)—D(B,D)_—+§:—:—l 7)
2 2
Also
- 1 -
D(A,B) =—[5-10] = —
2
-~ - 1 _
D(C,D)=—[12-15] = —
2
NowD(A ,B)-D(C,D)=— + — = — )
From (6), (7) and (8)
DA OB,C D) =D(A,C)-D(B,D)

Hence proved.

5.2.Example

We shall now compare the different fuzzy numbers,
such as triangular, (A ), Trapezoidal (]§ ) and
piecewise quadratic (é) fuzzy numbers using the

earlier notions.
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A =(2 4 9
B =34 6 7)
C =03 457

By using our method, we have the following results.

~ A 1
d(A'O):Z (242(4) +6) =4
d(ﬁ,@):l (3+446+7) _20 =5
4 4
a(C,0)= l(1+2(4)+7) _16_,
4 4
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